The notation from [1, pp. 66-68] , [2] , or [3] is:
 t is time in the given interval [0, b] , which is called the horizon.
 r(t) is the radial distance from the center of attraction to the spacecraft; r(t) increases as fuel is burned; r(0) = r 0 is the initial distance; r(b) is the final and maximal distance.
 θ(t) is the polar angle, measured counterclockwise from the straight line connecting the center of attraction with the position of the spacecraft at t = 0.
 u(t) is the radial velocity component.
 v(t) is the tangential velocity component.

 β(t) is the thrust-direction angle; it is the control variable.
 m 0 is the initial mass of the spacecraft with propellant included; m 0 -− m' t is the time-dependent mass, which decreases due to the constant fuel consumption rate m' > 0.
 T is the thrust, also assumed to be constant.
 μ is the gravitational constant.
On the Maximal Orbit Transfer Problem
■ Equations of Motion
The equations of motion of the spacecraft consistent with the above assumptions, according to [1, p. 67] and [2] , are
The associated boundary conditions are
The system of nonlinear differential equations (1) to (4) with the boundary value conditions (5) to (10), the control function β, and the maximizing condition max r(b)
form the optimal control problem to be solved, assuming that the state functions r, u, v, and θ and the control function β are sufficiently smooth. Conditions (6), (7), (9), and (10) guarantee that the trajectory of the spacecraft is tangent to the two circular orbits.
■ The Optimal Control Problem
The goal is to maximize r(b), the radius of the orbit transfer at the endpoint in time, so the cost functional is determined by
Thus the horizon is [0, b] with b > 0. This is a Mayer optimal control problem (see Ch. 4 in [4] ).
Since the differential equations (1) to (4) with conditions (5) to (10) and the cost functional (12) are not time dependent, the optimal control problem is equivalent to either of the following two problems:
 differential equations (1) to (4) with conditions (5) to (10), a given r(b), and b finite and arbitrary, with optimality condition to minimize b  differential equations (1) to (4) with conditions (5) to (10), a given r(b), with the optimality condition to minimize the fuel consumption
Theorem 1
Under the hypotheses of Filippov's theorem (theorem 9.2.i of [4] ), the optimal control problem (1) to (4) 
■ Necessary Conditions for a Mayer Problem
For brevity, here is an abbreviated version of theorem 4.2.i in [4] : Let the Mayer problem be expressed as
e
→ ℝ p is measurable, and x and u satisfy (14) a.e. Let Ω be the class of admissible pairs (x, u). The goal is to find the minimum of the cost functional (13) over Ω, that is, to find an element (x *⋆ , u *⋆ ) ∈ Ω so that
Further necessary assumptions:
2.
A is closed in ℝ 1+n .
On the Maximal Orbit Transfer Problem
The set S
4. f ∈ C 1 (S, ℝ).
Notation:
6. The graph {(t, x *⋆ (t)) a ≤ t ≤ b} of the optimal trajectory x *⋆ belongs to the interior of A.
7. U does not depend on time and is a closed set.
8.
The endpoint e(x *⋆ ) = (a, x *⋆ (a), b, x *⋆ (b)) of the optimal trajectory x *⋆ is a point of B, where B has a tangent variety B' (of some dimension δ, 0 ≤ δ ≤ 2 n + 2) whose vectors are denoted by
Theorem 2
Assume the above eight hypotheses and let (x *⋆ , u *⋆ ) be an optimal pair for the Mayer problem (13) and (14) . Then the optimal pair (x *⋆ , u *⋆ ) necessarily has the following properties:
(a) There exists an absolutely continuous function λ (t) = (λ 1 (t), …, λ n (t)) such that
If dg is not identically zero at e[x *⋆ ], then λ (t) is never zero in [a, b]. (b) For almost any fixed t ∈ [a, b] (a.e.), the Hamiltonian, as a function depending only on u, takes its minimum value in U at the optimal strategy u *⋆ = u *⋆ (t). This implies M(t, x *⋆ (t), λ (t)) = H(t, x *⋆ (t), u *⋆ (t), λ (t)), t ∈ [a, b] (a.e). (c) The function M (t) = M(t, x *⋆ (t), λ(t)) coincides a.e. in [a, b] with an absolutely continuous function, and
dM dt = d dt M(t, x *⋆ (t), λ(t)) = H t (t, x *⋆ (t), u *⋆ (t), λ(t)), t ∈ [a, b] (a.e.).
(d) (transversality relation)
There exists a constant λ 0 ⩾ 0 such that
for every vector h = (da, dx 1 , db, dx 2 ) ∈ B'.
■ A Dynamic Approach to the Maximal Orbit Transfer Problem
The function MaximalRadiusOrbitTransfer dynamically shows the maximal radius orbit transfer between two coplanar circular orbits so that their centers are located at a single center of attraction. Here thrust is the constant thrust of the engine, dmr is the decreasing mass rate due to the constant propellant flow rate, b is the final time, m0 is the initial mass of the spacecraft including the propellant, μ is the gravitational constant, r0 is the initial radius, u0 is the initial radial velocity, ub is the final radial velocity, v0 is the initial tangential velocity, and k is the number of thrust vectors.
Clearly the problem is nonlinear and, to the author's knowledge, no closed-form solution has been found. The possibility of obtaining a solution through a numerical method remains, as implied by theorem 1. The accuracy of the results depends sensitively on the initial values. The Method option is needed for Mathematica 9 or lower; for faster processing, remove it in Mathematica 10 or higher. 
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